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Type of vegetation uprooting by flow

After Melville and 
Sutherland, 1988

Pure Drag
“Type 1”

Drag and scouring
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Edmaier et al., HESS, 2011



Field observations



Unravelling uprooting Type 1

5

3 l/s5 l/s

• td hydraulic time scale (short)

• th hydrological time scale (medium)

• tb biological time scale (long)

th
tb

<< 1 no colonization (bare)
< 1 competition (patterns)
>= 1 no uprooting (all vegetated)

Noisetd/th; td/th<<1

(Perona et al., Adw. Wat Res, Part 1, 2012)



Uprooting type I: stochastic modelling

B.C.

We use Superstatistics theory (Beck and Cohen, 
Physica A, 2003) to introduce the stochastic role 
of both germination time and growing rate

The probability for plant to be uprooted is simply
(Crouzy and Perona, Adw. Wat Res, Part 2, 2012)

dependence using the experimental statistics of the uprooted mate-
rial obtained in the companion paper [1].

From the distribution of riverbed vegetation one can compute
the distribution of the root length for uprooted material (which
is also a quantity accessible experimentally [1]) multiplying the
probability to have a given vegetation in the riverbed by the corre-
sponding uprooting rate

qtðlÞ ¼
1

NormðtÞ
pcðl; tÞ!ðl; tÞ: ð12Þ

The normalization factor is chosen in order to have a probability
normalized to one at each time t

NormðtÞ ¼
Z 1

0
dlpcðl; tÞ!ðl; tÞ: ð13Þ

We do not need to solve the master equation (5) coupled with the
equation for the atom of probability of vegetation to be in the up-
rooted state at a time t since we only have transitions from riverbed
vegetation to uprooted material.

In the next two Sections, we compute an analytical solution of
the master equation for the case where the variance in vegetation
maturity originates from noise in the growth trajectory and for the
case where it originates from the germination dynamics.

3.3. Noise in the growth trajectory

The solution (9) is valid for a fixed k and a fixed tg. In order to
get the probability distribution function including noise on the
growth trajectory, we have to compute ~pcðl; tÞ which is given by
(9) and finally

pc
grðl; tÞ ¼

Z 1

0
~pcðl; tÞpgrðkÞdk ð14Þ

with pc
grðl; tÞ the distribution obtained having taken the superstatis-

tics on the growth parameter k using the corresponding pdf pgr(k).
We use now (6), (10) and (11) and fix !(l, t) in (5). For simplicity

we consider for now vegetation germinating at a simultaneous
time tg = 0 (formally this corresponds to take a delta distribution
for the distribution of the germination time pge(tg)). To describe
noise in the growth trajectory (14) we use for pgr(k) a Gamma
distribution

Cg;hðkÞ ¼ kg$1 e$k
h

hgCðgÞ
ð15Þ

with C(g) the gamma function [28]. Tuning the scale parameter h
and the shape parameter g allows a good flexibility for modeling
phenomena requiring a distribution with a positive support. The
corresponding average and variance are given by

!k ¼ gh and r2
k ¼ gh2: ð16Þ

Using Eqs. (9) and (14) we get

pc
grðl; tÞ ¼

1
t

e$
t

se l

R l

0
e$keaF at

lð ÞdaCg;h
l
t

! "
ð17Þ

and finally (10) yields the exact analytical expression

pc
grðl; tÞ ¼

1
t

e
t

se lke

Pnmax

n¼1

e$kean 1$e
keltd

t

# $! "

Cg;h
l
t

! "
: ð18Þ

Here we have introduced an ¼ l
t t0 þ ntd þ ðn$ 1Þth½ ' and nmax such

that anmax 6 l. As in the experiment [1], we have chosen to collect
vegetation only between flood windows. Recall finally that even if
we have chosen a Gamma distribution (15) for pgr(k), the result
(18) can be generalized immediately to any other probability distri-
bution with positive support (i.e. we get an analytical solution for

any other probability distribution of the growth parameter k).
Mathematically, this results from the presence of the Dirac delta
in the boundary condition (7).

3.4. Statistical description of the germination process

The description we have been using until now is valid for veg-
etation germinating simultaneously at the time tg. We compute
in this Section an analytical solution for the growth-uprooting pro-
cess with a stochastic germination dynamics. To describe this type
of stochastic processes one needs in general to introduce the atom
of probability pat

0 ðtÞ for vegetation to remain in the non-germinated
state at a time t in the master equation (5). However, since in our
problem we only have transitions from the non-germinated state
to the state where the plant grows in the riverbed, we can at first
obtain a statistical description for the germination process and
then obtain the distribution of riverbed vegetation as a
superstatistics

pc
geðl; tÞ ¼

Z t

0
~pcðl; tÞpgeðtgÞdtg : ð19Þ

We have introduced here the pdf pge(tg) to have a germination time
tg and denote the continuous part of the distribution after the
superstatistics on the germination time has been taken pc

geðl; tÞ.
The distribution ~pcðl; tÞ is obtained for a fixed tg according to (7)
and (9). Note that we consider only the fraction of ‘‘active’’ seeds
and neglect dead seeds or seeds which will be washed away before
germinating. For simplicity, we restrict ourselves here to the situa-
tion with a fixed growth parameter k and focus on the role of the
germination statistics (formally this corresponds to take a delta dis-
tribution for the distribution of the growth parameter pgr(k)). We
keep using the same uprooting rate as in Section 3.3. Here again
it turns out that the integral in (19) can be computed for any prob-
ability distribution with positive support pge(tg).

The logistic distribution has been widely used to describe ger-
mination events (for example see [29–31] and for the discussion
of the case of A. sativa L. [32,33]). The logistic probability density
function pge(tg) is given by

pgeðtgÞ ¼
1
4s

sech2 tg $ !tg

2s

! "
: ð20Þ

Here sech denotes the hyperbolic secant function and p2s2

3 the vari-
ance on the average germination time !tg . The associated cumulative
distribution function Pge(tg) follows the well-known logistic curve
(sigmoid shape)

PgeðtgÞ ¼
1

1þ e$
tg$!tg

s

: ð21Þ

Note that this cumulative distribution giving the probability that
one seed germinates before tg is also equal to the fraction of germi-
nated seeds at tg. Using the logistic distribution of germination
events (20), we get

pc
geðl; tÞ ¼

1
4sk

e
1

sekke

Pnmax

n¼1

e$kean ð1$ekektd Þ

! "

sech2
tk$l

k $ !tg

2s

 !
: ð22Þ

We have introduced an = k[tfree + ntd + (n $ 1)th] with tfree the time
between the germination (which occurs at a time tg ¼ t $ l

k) and
the first subsequent disturbance. Finally, nmax is defined such that
anmax 6 l. Here again we have chosen for simplicity to collect vegeta-
tion only between flood windows and assume that germination
during the flooding events can be neglected due to their short dura-
tion. Eq. (22) is valid for l 6 tk, for l > tk we have pc

geðl; tÞ ¼ 0. Note
that our procedure takes into account the fact that only the
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to the Type I uprooting mechanism, we get the probability of
uprooting for a flooding intensity producing a drag D

puprootingðlÞ ¼
Z D

0
plðxÞdx: ð4Þ

We want to stress here on the fact that, as it can be understood
from (4), even if the average root resistance is expected to scale
with the root length according to some power law (3), the proba-
bility puprooting(l) for vegetation with a certain root length to be up-
rooted can follow another type of dependence on the root length,
depending on the details of the probability distribution of the root
resistance pl(x) (see also Fig. 2). To our knowledge, experimental or
theoretical studies giving an insight into the precise form of the
distribution of the root resistance are lacking. However, it is the
whole distribution pl(x) and not only the average resistance which
determines whether a certain regime of floods is going to allow
colonization by vegetation. Since the details of pl(x) are a priori un-
known, we will need to infer the type of dependence of puprooting on
l from our experimental data.

3.2. Master equation approach

In the Itô interpretation [23,13,24], the dynamics of vegetation
uprooting (2) and (3) coupled with the dynamics (1) of l(t) (deter-
ministic at this point) is replaced by the evolution equation of the
probability for the system to occupy a state (‘‘master equation’’).
For the problem we consider, the master equation will represent
the balance between vegetation growth and uprooting by the
floods. Explicitly, the probability for the root of a plant to reach a
length l at a time t obeys the state-dependent master equation

@~pcðl; tÞ
@t

¼ $ @

@l
aðlÞ~pcðl; tÞ½ & $ ~pcðl; tÞ!ðl; tÞ; ð5Þ

with a(l) and !(l, t) respectively the growth and uprooting rates for
plants with a main root of length l at a time t (the time dependence
in ! allows to describe a non-constant flow). This master equation
reflects the competition between growth and uprooting we have
in the experiment we presented in the companion paper [1]. For
the linear growth (1) we have a constant a(l) = k. Up to this point,
the type of dynamics we consider is formally similar to the state-
dependent fire models studied by Daly and Porporato [17]. We have
introduced the tilde in the notation ~pcðl; tÞ in order to indicate that
we solve for the moment a simplified problem with a fixed growth
rate and a fixed germination time. We will in the end obtain the dis-
tribution of riverbed vegetation pc(l, t) from this simplified solution.

Note that in Eq. (5) the growth and the uprooting of the root do
not depend on whether other roots are present in the vicinity. In
our lumped approach, we do not include explicitly the competition
between root systems for nutrients or water possibly hampering
the growth and the mechanisms of soil reinforcement or flow
deflection by neighboring roots which can limit or increase erosion
of vegetation locally and lead to the formation of organized mor-
phologic features (see for example [25]). We consider that the ac-
tion of those factors is limited to providing a source of variability in
the probability for a given root to be uprooted or in the growth tra-
jectory. If those factors were leading to the appearance of well de-
fined coherent patterns, we would need to include explicitly in the
master equation (5) the dependence on the position in the channel.
The lumped approach is valid as long as the riverbed is not too den-
sely populated so that correlations are not too strong and consti-
tute a small random perturbation to the average process. Besides,
considering brief flooding events (15 min in [1]) limits the onset
of coherent patterns. Note that competition for nutrients is anyway
not relevant to the experimental situation we want to model [1]

since A. sativa L. grows to its adult stage without the addition of
nutrients [26].

We will see later that it is possible to solve Eq. (5) for !(l, t) vary-
ing in time according to a deterministic function describing the se-
quence of floods. For example, we will later apply our model to an
experiment [1] where after a period of flood-free germination and
growth of vegetation in the riverbed a sequence of periodic brief
flooding events occurs. As a realistic model let us therefore take

!ðl; tÞ ¼ FðtÞGðlÞ: ð6Þ

Here F(t) accounts for the nonconstant flow and GðlÞ ¼ 1
td

puprootingðlÞ
for root reinforcement as introduced in (4). We still need to provide
an appropriate boundary condition to Eq. (5). We take

~pcðl; tgÞ ¼ dðlÞ ð7Þ

with tg the time of germination of the plant and d the Dirac delta
distribution [27]. Note that Eq. (5) has to be solved for t P tg.

Let us now concentrate on solving the master equation for
~pcðl; tÞ (with fixed tg and k) and the time dependent uprooting rate
!(l, t) (6). Solving the master equation (5) leads to the solution

~pcðl; tÞ ¼ m
l$ tk

k

! "
e
$1

k

R
GðaÞF a$lþkt

kð Þda

h i

a¼l : ð8Þ

Here
R

GðaÞF a$lþkt
k

# $
da

% &
a¼l denotes a primitive taken at the point

a = l. The freedom in the constant of integration when taking the
primitive in (8) has no consequence since we have not fixed the
function m in front of the exponential yet. It is important to note
that the solution we get here is valid for any dependence of the
uprooting rate !(l, t) on l and on t, provided we can compute the
primitive present in the exponent of (8). Our approach remains
therefore valid to describe other regimes of floods or various depen-
dences of the rate of erosion of vegetation ! on l. In situations with a
complicated hydrograph, stochasticity can be included in the func-
tion F(t) or, if the correlation between events cannot be neglected,
the integral in (8) may require a numerical treatment.

The function m still needs to be fixed. To do this we apply the
boundary condition (7) and get finally

~pcðl; tÞ ¼ dðl$ tkþ tgkÞe
$1

k

R l

0
GðaÞF a$lþkt

kð Þda

h i

: ð9Þ

Going back to the situation [1] described in Fig. 1, we want F(t)
to describe a periodic sequence of floods starting at t = t0

FðtÞ ¼
1 t $ t0 2 ½ðn$ 1Þðth þ tdÞ;nðth þ tdÞ $ th&;
0 else:

'
ð10Þ

Recall that, as represented in Fig. 1, t0 is the time of flood-free
growth before the sequence of floods and th,d are the resting time
between floods, respectively the duration of the floods. The integer
n represents the flood number. Recall also that the function G(l) al-
lows to quantify how mature vegetation becomes more resistant to
uprooting as it grows. We will discuss below in more details this
dependence but we want to stress that the possibility to solve ana-
lytically the model depends only on whether one can find a primi-
tive

R
GðlÞdl.

Let us model now the dependence of the uprooting rate on l in
the following way

GðlÞ ¼ 1
se

e$kel: ð11Þ

The parameter ke allows to account for the fact that vegetation be-
comes more resistant to uprooting as it grows and 1

kke
gives the char-

acteristic timescale over which this root reinforcement takes place.
The overall intensity of the flood is accounted for by the uprooting
rate 1

se
. In Section 4 we will justify the choice of an exponential
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The constancy of 
be obtained only if G(l) 
decays exponentially!!
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Uprooting Type II: stochastic modelling and resilience to uprooting
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Probability of scouring and time to uprooting
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equation for a Wiener Process with time-dependent drift, which is better known as Fokker-Planck
equation [32]

@p

@t
= vsed(t)

@p

@L
+

1
2
g(t)

@
2
p

@L2 , L�Lc. (2.10)

This equation has to be supplemented with appropriate initial and boundary conditions. For
example, as initial condition at t= 0 we impose that the process starts from the rooting depth L0

for which p(L0, 0) = �(L� L0). As first boundary condition we impose p(L, t) = 0 for L!+1,
i.e. we allow for particle deposition. This way both sedimentation and erosion may occur although
net deposition for which L>L0 becomes less probable as the process evolves. As a second
boundary condition, we require that, once a critical rooting depth, Lc, has been reached, then
the trajectory is lost, or, physically, the plant is uprooted. Mathematically, L=Lc is an absorbing
boundary for which p(Lc, t) = 0 [32]; hence, p(L, t) loses mass in time when the process reaches
the boundary at L=Lc. The solution obtained via the method of images reads [33]

p(L, t) =
1p

4⇡G(t)

✓
e

�(L+V (t)�L0)2

4G(t) � e

V (t)(L0�Lc)
G(t) � (L+V (t)�2Lc+L0)2

4G(t)

◆
, (2.11)

where G(t) =
Rt
0

g(⌧)
2 d⌧ , and V (t) =

Rt
0 vsed(⌧)d⌧ , and ⌧ the dummy variable of integration. The

mean µp and the variance �
2
p , whose cumbersome expressions are omitted, can easily be obtained

analytically from the moment generating function of p(L, t) [32].
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Figure 4. Time dependent evolution of the pdfs, p(L, t) (a-c), and their mean (d) for the erosion processes shown

in Figures 3a where L0 = 3 and Lc = 1.5. Line thickness and type correspond to the adopted erosion functions. a)

t/te=0.25; b) t/te=0.5; c) t/te=1

We illustrate the process with two examples, where we compare the pdfs of the rooting depth
evolution resulting from erosion processes with either constant or time dependent drift functions.
We choose time dependent functions with simplified triangular shape for the sake of easier
interpretation of the results. The first case is shown in Figure 3a, where the vsed(t) functions
have same duration but different peak magnitude, in contrast to those of Figure 3b where vsed(t)

has same magnitude but different duration.
At time t/te = 0.25 (Figure 4a), all pdfs are almost symmetrical and with a mean still around

the initial rooting depth, L/L0 = 1, just shifted toward lower L/L0 values reflecting the erosion
intensity of the process. Notice how the pdfs become zero at the boundary L/Lc = 0.5 as
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equation for a Wiener Process with time-dependent drift, which is better known as Fokker-Planck
equation [32]

@p

@t
= vsed(t)

@p

@L
+

1
2
g(t)

@
2
p

@L2 , L�Lc. (2.10)

This equation has to be supplemented with appropriate initial and boundary conditions. For
example, as initial condition at t= 0 we impose that the process starts from the rooting depth L0

for which p(L0, 0) = �(L� L0). As first boundary condition we impose p(L, t) = 0 for L!+1,
i.e. we allow for particle deposition. This way both sedimentation and erosion may occur although
net deposition for which L>L0 becomes less probable as the process evolves. As a second
boundary condition, we require that, once a critical rooting depth, Lc, has been reached, then
the trajectory is lost, or, physically, the plant is uprooted. Mathematically, L=Lc is an absorbing
boundary for which p(Lc, t) = 0 [32]; hence, p(L, t) loses mass in time when the process reaches
the boundary at L=Lc. The solution obtained via the method of images reads [33]

p(L, t) =
1p

4⇡G(t)

✓
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�(L+V (t)�L0)2

4G(t) � e

V (t)(L0�Lc)
G(t) � (L+V (t)�2Lc+L0)2

4G(t)

◆
, (2.11)

where G(t) =
Rt
0

g(⌧)
2 d⌧ , and V (t) =

Rt
0 vsed(⌧)d⌧ , and ⌧ the dummy variable of integration. The

mean µp and the variance �
2
p , whose cumbersome expressions are omitted, can easily be obtained

analytically from the moment generating function of p(L, t) [32].
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Figure 4. Time dependent evolution of the pdfs, p(L, t) (a-c), and their mean (d) for the erosion processes shown

in Figures 3a where L0 = 3 and Lc = 1.5. Line thickness and type correspond to the adopted erosion functions. a)

t/te=0.25; b) t/te=0.5; c) t/te=1

We illustrate the process with two examples, where we compare the pdfs of the rooting depth
evolution resulting from erosion processes with either constant or time dependent drift functions.
We choose time dependent functions with simplified triangular shape for the sake of easier
interpretation of the results. The first case is shown in Figure 3a, where the vsed(t) functions
have same duration but different peak magnitude, in contrast to those of Figure 3b where vsed(t)

has same magnitude but different duration.
At time t/te = 0.25 (Figure 4a), all pdfs are almost symmetrical and with a mean still around

the initial rooting depth, L/L0 = 1, just shifted toward lower L/L0 values reflecting the erosion
intensity of the process. Notice how the pdfs become zero at the boundary L/Lc = 0.5 as
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Figure 7. Probability density functions of time-to-uprooting, p⌧ (T ) for the erosion processes shown in Figure 3a,b for

different magnitude of process variance: a1,b1) g=0.1; a2,b2) g=0.5

pE(E) = p(L(E))k dL
dE

k, (2.14)

where the derivative term is the Jacobian of the transformation that renormalizes the distribution.
The resilience to uprooting can be defined as the integral of this distribution at the end of the
process, i.e. for t= te

R=

ZE(Lc)

E(L0)
pE(E)dE, (2.15)

whose general solution reads

R(0E E(Lc)) =
1
2

⇣
Erf [A]� Erf [A(1�B)] + e

2AC (�Erf [A+ C] + Erf [(A+ C)(1�D)])
⌘
,

(2.16)
where

A= V (T )

2
p

G(T )
; B =

62/3
⇣

E(Lc)
⌧c

⌘1/3

V (T )⇡1/3 ; C = L0�Lcp
G(T )

; D=
62/3

⇣
E(Lc)

⌧c

⌘1/3

(V (T )+2(L0�Lc))⇡1/3 .
(2.17)

The function R represents the probability that the energy required for reducing the rooting
depth, L to the critical depth, Lc is larger than the energy spent by the stream during the
whole erosion event. As resilience depends on the effective rooting depth, Le =L0 � Lc, and
on the shape of the volume of soil englobing the roots, it varies between 0 (purely deterministic
uprooting) to 1 (purely deterministic survival) depending on whether Le is small or big compared
to the potential average scouring V (te) =

Rte
0 vsed(⌧)d⌧ , respectively. Hence, by following [16]

and using information theory we also define the predictability of plant uprooting by flow as the
Shannon entropy of the binary variable [34] R, representing the resilience to uprooting or survival

H =�R log2 R� (1�R) log2(1�R). (2.18)

The function H is plotted in Figure 8 for the reference process events of Figures 3 (upper
panels) and by assuming that root architecture is contained in a conical soil volume with aperture
angle of 60� as shown in Figure 8 (left panel).
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Figure 7. Probability density functions of time-to-uprooting, p⌧ (T ) for the erosion processes shown in Figure 3a,b for

different magnitude of process variance: a1,b1) g=0.1; a2,b2) g=0.5

pE(E) = p(L(E))k dL
dE

k, (2.14)

where the derivative term is the Jacobian of the transformation that renormalizes the distribution.
The resilience to uprooting can be defined as the integral of this distribution at the end of the
process, i.e. for t= te

R=

ZE(Lc)

E(L0)
pE(E)dE, (2.15)

whose general solution reads

R(0E E(Lc)) =
1
2

⇣
Erf [A]� Erf [A(1�B)] + e

2AC (�Erf [A+ C] + Erf [(A+ C)(1�D)])
⌘
,

(2.16)
where

A= V (T )

2
p

G(T )
; B =

62/3
⇣

E(Lc)
⌧c

⌘1/3

V (T )⇡1/3 ; C = L0�Lcp
G(T )

; D=
62/3

⇣
E(Lc)

⌧c

⌘1/3

(V (T )+2(L0�Lc))⇡1/3 .
(2.17)

The function R represents the probability that the energy required for reducing the rooting
depth, L to the critical depth, Lc is larger than the energy spent by the stream during the
whole erosion event. As resilience depends on the effective rooting depth, Le =L0 � Lc, and
on the shape of the volume of soil englobing the roots, it varies between 0 (purely deterministic
uprooting) to 1 (purely deterministic survival) depending on whether Le is small or big compared
to the potential average scouring V (te) =

Rte
0 vsed(⌧)d⌧ , respectively. Hence, by following [16]

and using information theory we also define the predictability of plant uprooting by flow as the
Shannon entropy of the binary variable [34] R, representing the resilience to uprooting or survival

H =�R log2 R� (1�R) log2(1�R). (2.18)

The function H is plotted in Figure 8 for the reference process events of Figures 3 (upper
panels) and by assuming that root architecture is contained in a conical soil volume with aperture
angle of 60� as shown in Figure 8 (left panel).

5

P
roc.R

.S
oc.A

.royalsocietypublishing.org
P

roc
R

S
oc

A
0000000

..........................................................

have the properties of a white gaussian noise modulated by a process variance �
2
g , ⌅(t) = �

2
g⇠(t).

Eventually, the rooting length L(t) evolves from the initial main rooted depth length L(0) =L0,
according to a Langevin equation of the form [30],

dL

dt
=�vsed(L, t) + g(L, t)⇠(t), t > 0, (2.9)

where we put g(L, t) = df
d⌘̄

1
S(1��)�

2
g and ⇠(t) is the strength of a Wiener process. In other words,

with reference to Figure 2, the rooting depth evolves as a result of deterministic drift, vsed

describing the mean erosion dynamics, and multiplicative process noise, ⇠ accounting for local
fluctuations of the erosion/deposition processes. Generally, this equation should be coupled to a
morphodynamic model that returns the functions vsed(L, t) and g(L, t). However, if the scouring
process occurs at a spatial scale much larger than the obstacle size, then parallel riverbed erosion
can be assumed as an approximation [27]. Notice, that this condition is equivalent to assume
a sediment-to-obstacle size ratio close to unity [31], which implies negligible local influence of
the obstacle on the scouring dynamics (e.g., see Figures 1b,c). Under these circumstances, both
functions vsed and g lose dependency on the process state, which is the actual rooting depth,
L. The resulting model with addictive noise generates process trajectories alternating deposition
and erosion, which mimic the scouring dynamics underlying the type II uprooting (Figure 2).
Scouring proceeds until the rooting depth L equals the critical one, Lc. Then, uprooting occurs as
a consequence of flow drag balancing the residual mechanical anchoring [27], and the trajectory
is lost.
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Figure 3. Time dependent functions, vsed(t), used as examples for model solutions for arbitrary length and time scales.

The upper panel shows four different vsed functions having same duration and different magnitude. In the lower panel the

functions vsed attain the same maximum magnitude and have different duration. for all cases the process variance, i.e.

the function g is kept constant and equal to g= 0.1 for the whole duration of the process. Other model parameters are

L0 = 3, Lc = 1.5

(b) Probability density functions

(i) Rooting depth

As the process is stochastic, we compute the time-dependent probability density function, p(L, t),
of observing a given rooting depth L at a time t. Mathematically, this translates into the Master



Case of constant erosion rate and noise variance
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Table 1. Flow velocity, v, discharge, Q, water depth, Y , equilibrium slope, ieq and vertical erosion velocity, vsed for the

four flow settings tested.

Setting 1 Setting 2 Setting 3 Setting 4
Q (l s�1) 1.60 1.81 1.94 2.15
ieq (%) 2.4 2.7 3.0 3.5
vsed (mm s�1) 0.043 0.058 0.076 0.100
v (computed) (m s�1) 0.49 0.53 0.57 0.61
v (measured) (m s�1) 0.49 0.56 0.54 0.57
Y (mm) 11.0 11.4 11.9 11.7

The issue that makes type II uprooting difficult to capture is that L0 and Lc vary for each
plant, and upon the variation of vsed. The variation of Lc occurs indirectly upon variation of L0

and vsed. That is, because of the correlation between above and below ground biomasses [28,29],
different root length L0 yield different values of flow drag as different vsed correspond to different
flow velocities. In the dataset by Edmaier et al. [27], this is reflected by the presence of a linear
correlation between Lc and L0 (Pearson correlation coefficient of 0.8). However, when considering
L̃c =Lc/L0, the correlation with vsed almost vanishes (Pearson correlation coefficient of 0.027).
This suggests rewriting equation (2.10) in the dimensionless form

@p

@ t̃
=

@p

@L̃
+

�
2

2L0vsed

@
2
p

@L̃2
, (3.1)

where we have introduced the dimensionless variables t̃= tvsed
L0

and L̃= L
L0

given that Le ⇠L0

for the data being considered. This way, it is possible to aggregate the empirical statistics obtained
for different rooting depth L0. The residual correlation between L̃c and vsed (Pearson correlation
coefficient of 0.22) introduced by how flow drag changes with vegetation development can be
accounted for by using a different L̃c for each of the four flow settings (corresponding to four
different vsed).
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Figure 9. (a) Time-to-uprooting T plotted against length of the main root L0 for the four investigated flow settings (flow

discharge Q1 (dark blue diamonds) <Q2 (orange circles) <Q3 (turquoise triangles) and <Q4 (red squares)). (b)

Empirical linear correlation between Lc and L0, which can be removed by normalizing the data to L0.

For constant vsed and �
2, Eq.(2.12) reduces to the inverse Gaussian distribution, also known

as Wald distribution [32,36]. As a result, the distribution p⌧ (T̃ ) of the dimensionless time-to-
uprooting T̃ = Tvsed

L0
is given by

p⌧ (T̃ ) =
e
� (1�T̃ )2

2�̃2T̃
p

2⇡T̃ 3�̃

, (3.2)
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Table 1. Flow velocity, v, discharge, Q, water depth, Y , equilibrium slope, ieq and vertical erosion velocity, vsed for the

four flow settings tested.

Setting 1 Setting 2 Setting 3 Setting 4
Q (l s�1) 1.60 1.81 1.94 2.15
ieq (%) 2.4 2.7 3.0 3.5
vsed (mm s�1) 0.043 0.058 0.076 0.100
v (computed) (m s�1) 0.49 0.53 0.57 0.61
v (measured) (m s�1) 0.49 0.56 0.54 0.57
Y (mm) 11.0 11.4 11.9 11.7

The issue that makes type II uprooting difficult to capture is that L0 and Lc vary for each
plant, and upon the variation of vsed. The variation of Lc occurs indirectly upon variation of L0

and vsed. That is, because of the correlation between above and below ground biomasses [28,29],
different root length L0 yield different values of flow drag as different vsed correspond to different
flow velocities. In the dataset by Edmaier et al. [27], this is reflected by the presence of a linear
correlation between Lc and L0 (Pearson correlation coefficient of 0.8). However, when considering
L̃c =Lc/L0, the correlation with vsed almost vanishes (Pearson correlation coefficient of 0.027).
This suggests rewriting equation (2.10) in the dimensionless form

@p

@ t̃
=

@p

@L̃
+

�
2

2L0vsed

@
2
p
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, (3.1)

where we have introduced the dimensionless variables t̃= tvsed
L0

and L̃= L
L0

given that Le ⇠L0

for the data being considered. This way, it is possible to aggregate the empirical statistics obtained
for different rooting depth L0. The residual correlation between L̃c and vsed (Pearson correlation
coefficient of 0.22) introduced by how flow drag changes with vegetation development can be
accounted for by using a different L̃c for each of the four flow settings (corresponding to four
different vsed).
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discharge Q1 (dark blue diamonds) <Q2 (orange circles) <Q3 (turquoise triangles) and <Q4 (red squares)). (b)

Empirical linear correlation between Lc and L0, which can be removed by normalizing the data to L0.

For constant vsed and �
2, Eq.(2.12) reduces to the inverse Gaussian distribution, also known

as Wald distribution [32,36]. As a result, the distribution p⌧ (T̃ ) of the dimensionless time-to-
uprooting T̃ = Tvsed

L0
is given by

p⌧ (T̃ ) =
e
� (1�T̃ )2

2�̃2T̃
p

2⇡T̃ 3�̃

, (3.2) 12
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where �̃
2 = �2

L0vsed
. Notice, that this dimensionless variance plays the role of a Peclét number

for the advection-diffusion of uprooting probability. Hence, when �̃<< 1, then the action of the
deterministic drift prevails on the process noise, and viceversa.

The comparison between the theoretical cumulative distribution

P⌧ (T̃ 0  T̃ ) =

Z T̃

0
p⌧ (T̃ 0)dT̃ 0 (3.3)

of the dimensionless time-to-uprooting and the corresponding empirical distribution is presented
in Figure 10a.

One readily notices the mismatch for short times, where uprooting of type I for which noise
dominates and uprooting occurs without scouring [25] rather than of type II occurs. Calibrating
the mode of the distribution instead of the average (given by vsed) would result in a better
match between theoretical and empirical statistics for the longer times, where type II uprooting is
the relevant uprooting mechanism. However, although the hypothesis of uncorrelated Gaussian
noise to describe the random fluctuations affecting the dynamics is rather crude, the proposed
stochastic model already captures the main features of the empirical statistics. Moreover, for the
experimental data being analyzed our model confirms a coefficient of variation (�̃⌧/

˜̄
T ) equal to

0.48, which indicates the ratio between the stochastic and the deterministic components affecting
the uprooting process. As ˜̄

T ⇠ 1, then the coefficient of variation is equal to the standard deviation
of the process.
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Figure 10. a) Comparison between the theoretical (blue) and the empirical (magenta) cumulative density functions of the

dimensionless time-to-uprooting T̃ = Tvsed
L0

; b) Prediction entropy for the empirical dataset computed at the instant, T

when uprooting occurred. The blue, orange and grey colours represent the variable V (t)/
p

G(t) in the ranges 0÷1,

1÷2 and 2÷3, respectively. The inset panel shows how the same empirical data would appear in the time-to-uprooting,

T , vs the root length, L0 plot.

The corresponding prediction entropy, H , calculated for all the data at the time when
uprooting occurs and the process stopped (i.e., for t= T ), scales according to the ratio
V (T )/

p
(G(T )) (Figure 10b). At this time V (T ) =Le =L0 � Lc and the coefficients, A,B,C,D

of Equation (2.16) depend solely on the integral quantities V (T ) and G(T ) that represent the
total scouring and the integrated variance to uprooting, respectively. Hence, the uprooting
dynamics is more predictable for less resilient plants exposed to erosion processed that result
in low V (T )/

p
(G(T )) and viceversa. Data are shown in colours for three ranges of the ratio

V (T )/
p

(G(T )), whose correspondence in real coordinates L0 and T is shown in the inset
panel. It is important to notice that the data points in Figure 10b would appear as a point at
(L0 � Lc)/V (T ) = 1 in the prediction entropy plot of Figure 8 for the corresponding H . Thus, for
same erosion rate, vsed, as the integral variance of the process increases, the prediction entropy
would decrease for plant with short roots and viceversa.

Edmaier et al., JGR 
2015

Because of drag, critical scouring is less than rooting depth!!
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Table 1. Flow velocity, v, discharge, Q, water depth, Y , equilibrium slope, ieq and vertical erosion velocity, vsed for the

four flow settings tested.

Setting 1 Setting 2 Setting 3 Setting 4
Q (l s�1) 1.60 1.81 1.94 2.15
ieq (%) 2.4 2.7 3.0 3.5
vsed (mm s�1) 0.043 0.058 0.076 0.100
v (computed) (m s�1) 0.49 0.53 0.57 0.61
v (measured) (m s�1) 0.49 0.56 0.54 0.57
Y (mm) 11.0 11.4 11.9 11.7

The issue that makes type II uprooting difficult to capture is that L0 and Lc vary for each
plant, and upon the variation of vsed. The variation of Lc occurs indirectly upon variation of L0

and vsed. That is, because of the correlation between above and below ground biomasses [28,29],
different root length L0 yield different values of flow drag as different vsed correspond to different
flow velocities. In the dataset by Edmaier et al. [27], this is reflected by the presence of a linear
correlation between Lc and L0 (Pearson correlation coefficient of 0.8). However, when considering
L̃c =Lc/L0, the correlation with vsed almost vanishes (Pearson correlation coefficient of 0.027).
This suggests rewriting equation (2.10) in the dimensionless form

@p

@ t̃
=
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@L̃
+
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2

2L0vsed
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2
p

@L̃2
, (3.1)

where we have introduced the dimensionless variables t̃= tvsed
L0

and L̃= L
L0

given that Le ⇠L0

for the data being considered. This way, it is possible to aggregate the empirical statistics obtained
for different rooting depth L0. The residual correlation between L̃c and vsed (Pearson correlation
coefficient of 0.22) introduced by how flow drag changes with vegetation development can be
accounted for by using a different L̃c for each of the four flow settings (corresponding to four
different vsed).
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discharge Q1 (dark blue diamonds) <Q2 (orange circles) <Q3 (turquoise triangles) and <Q4 (red squares)). (b)

Empirical linear correlation between Lc and L0, which can be removed by normalizing the data to L0.

For constant vsed and �
2, Eq.(2.12) reduces to the inverse Gaussian distribution, also known

as Wald distribution [32,36]. As a result, the distribution p⌧ (T̃ ) of the dimensionless time-to-
uprooting T̃ = Tvsed

L0
is given by

p⌧ (T̃ ) =
e
� (1�T̃ )2

2�̃2T̃
p

2⇡T̃ 3�̃

, (3.2)
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where �̃
2 = �2

L0vsed
. Notice, that this dimensionless variance plays the role of a Peclét number

for the advection-diffusion of uprooting probability. Hence, when �̃<< 1, then the action of the
deterministic drift prevails on the process noise, and viceversa.

The comparison between the theoretical cumulative distribution

P⌧ (T̃ 0  T̃ ) =

Z T̃

0
p⌧ (T̃ 0)dT̃ 0 (3.3)

of the dimensionless time-to-uprooting and the corresponding empirical distribution is presented
in Figure 10a.

One readily notices the mismatch for short times, where uprooting of type I for which noise
dominates and uprooting occurs without scouring [25] rather than of type II occurs. Calibrating
the mode of the distribution instead of the average (given by vsed) would result in a better
match between theoretical and empirical statistics for the longer times, where type II uprooting is
the relevant uprooting mechanism. However, although the hypothesis of uncorrelated Gaussian
noise to describe the random fluctuations affecting the dynamics is rather crude, the proposed
stochastic model already captures the main features of the empirical statistics. Moreover, for the
experimental data being analyzed our model confirms a coefficient of variation (�̃⌧/

˜̄
T ) equal to

0.48, which indicates the ratio between the stochastic and the deterministic components affecting
the uprooting process. As ˜̄

T ⇠ 1, then the coefficient of variation is equal to the standard deviation
of the process.
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; b) Prediction entropy for the empirical dataset computed at the instant, T

when uprooting occurred. The blue, orange and grey colours represent the variable V (t)/
p

G(t) in the ranges 0÷1,

1÷2 and 2÷3, respectively. The inset panel shows how the same empirical data would appear in the time-to-uprooting,

T , vs the root length, L0 plot.

The corresponding prediction entropy, H , calculated for all the data at the time when
uprooting occurs and the process stopped (i.e., for t= T ), scales according to the ratio
V (T )/

p
(G(T )) (Figure 10b). At this time V (T ) =Le =L0 � Lc and the coefficients, A,B,C,D

of Equation (2.16) depend solely on the integral quantities V (T ) and G(T ) that represent the
total scouring and the integrated variance to uprooting, respectively. Hence, the uprooting
dynamics is more predictable for less resilient plants exposed to erosion processed that result
in low V (T )/

p
(G(T )) and viceversa. Data are shown in colours for three ranges of the ratio

V (T )/
p

(G(T )), whose correspondence in real coordinates L0 and T is shown in the inset
panel. It is important to notice that the data points in Figure 10b would appear as a point at
(L0 � Lc)/V (T ) = 1 in the prediction entropy plot of Figure 8 for the corresponding H . Thus, for
same erosion rate, vsed, as the integral variance of the process increases, the prediction entropy
would decrease for plant with short roots and viceversa.
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Table 1. Flow velocity, v, discharge, Q, water depth, Y , equilibrium slope, ieq and vertical erosion velocity, vsed for the

four flow settings tested.

Setting 1 Setting 2 Setting 3 Setting 4
Q (l s�1) 1.60 1.81 1.94 2.15
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vsed (mm s�1) 0.043 0.058 0.076 0.100
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The issue that makes type II uprooting difficult to capture is that L0 and Lc vary for each
plant, and upon the variation of vsed. The variation of Lc occurs indirectly upon variation of L0

and vsed. That is, because of the correlation between above and below ground biomasses [28,29],
different root length L0 yield different values of flow drag as different vsed correspond to different
flow velocities. In the dataset by Edmaier et al. [27], this is reflected by the presence of a linear
correlation between Lc and L0 (Pearson correlation coefficient of 0.8). However, when considering
L̃c =Lc/L0, the correlation with vsed almost vanishes (Pearson correlation coefficient of 0.027).
This suggests rewriting equation (2.10) in the dimensionless form
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where we have introduced the dimensionless variables t̃= tvsed
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and L̃= L
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given that Le ⇠L0

for the data being considered. This way, it is possible to aggregate the empirical statistics obtained
for different rooting depth L0. The residual correlation between L̃c and vsed (Pearson correlation
coefficient of 0.22) introduced by how flow drag changes with vegetation development can be
accounted for by using a different L̃c for each of the four flow settings (corresponding to four
different vsed).
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discharge Q1 (dark blue diamonds) <Q2 (orange circles) <Q3 (turquoise triangles) and <Q4 (red squares)). (b)

Empirical linear correlation between Lc and L0, which can be removed by normalizing the data to L0.

For constant vsed and �
2, Eq.(2.12) reduces to the inverse Gaussian distribution, also known

as Wald distribution [32,36]. As a result, the distribution p⌧ (T̃ ) of the dimensionless time-to-
uprooting T̃ = Tvsed

L0
is given by

p⌧ (T̃ ) =
e
� (1�T̃ )2
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, (3.2)



Bank erosion

Bank erosion rate (Partheniades, 1965), with kd and a 
parameters (usually taken as constant)

Soil reinforcement by roots (extended Mohr-Coulomb)

(e.g., Waldron 1977; Wu et al., 1979; Waldron and 
Dakessian 1981, Pollen and Simon, 2005; Docker 
and Hubble,
2008)

Effect of roots on critical shear stress (e.g., 
Paola, 2001)



Vegetation selection process and recruitment



Biomass selection by floods
Thur flood

Author's personal copy

Generalizing the results from Perona et al. (2012) obtained for a
channel with parallel geometry, we discuss here the role of river
boundaries in a convergent geometry and show a comparison of bio-
mass removal statistics between the two types of geometries. To in-
terpret the data, we use the stochastic approach we developed
recently (Crouzy and Perona, 2012) to capture the strong variability
in the growth-uprooting process of pioneer vegetation.

The convergent geometry represents the laboratory analog of differ-
ent field conditions. At the scale of the bar it represents regions with
flow concentration while at a larger scale it can be seen as the analog
of a river with convergent banks (for an example see the work on the
Tagliamento River by Gurnell and Petts (2006)). As described in
Gurnell and Petts (2006) and in Gurnell et al. (2012) the total stream
power does not determine completely the erosion processes occurring
locally in a river. Therefore a flume experiment with spatially constant
specific stream power (such as the parallel experiment Perona et al.
(2012)) is a poor analog of the erosion process in a real river where in
a single reach regions with a large spectrum of local specific stream
power can be observed (either due to converging banks (Gurnell and
Petts, 2006) or on a single bar due to the topography evolving according
tomorphodynamic processes (Gurnell et al., 2012)). Thus, a natural ex-
tension of the experiment by Crouzy and Perona (2012) is to test the
conjecture (see Fig. 1) at the core of our stochastic model (Crouzy and
Perona, 2012) in rivers with converging geometry. We recall that our
conjecture states that the distribution of the characteristics of riverbed
vegetation surviving in the channel after a flooding event can be
obtained from the distribution before the flooding event combined
with the distribution of the uprooted vegetation. In otherwords, the rel-
ative frequency of vegetation with certain characteristics within the
channel before the flood combinedwith its resilience to the flood deter-
mines its frequency after the flood.We obtained the three distributions
from Fig. 1 experimentally and show how our results can be transposed
to the situation in a real river using field data.

Due to the presence of areas with increased erosion in the conver-
gent experiment we can access two fundamentally different regimes.
Depending on the maturity of riverbed vegetation one observes either
a constant statistics of eroded material decorrelated from vegetation
growth in the channel (i.e., determined only by the stream power)
or a correlation between the statistics of eroded and riverbed
material.

The paper is organized as follows: in the next Section we describe
the experimental setup and the vegetation that we use; in Section 3
we compare the statistics of the length of the main root obtained ex-
perimentally for both parallel and convergent geometries and discuss
the role of the channel boundaries; in Section 4 we comment on the
relevance of our results for river geomorphology; finally, Section 5
concludes the work.

2. Description of the experiments

2.1. The flume

The experiments were carried out at the Total Environment Simu-
lator (TES), a facility of the Department of Geography, University of
Hull, UK. The experimental setup for a parallel geometry was de-
scribed in great details in a previous publication (Perona et al.,
2012). However, in order to keep the present work self-contained
we briefly recall here the main features of the experiment, emphasiz-
ing the differences between parallel and convergent geometries.

The flume was divided into subchannels (denoted “channel 1” and
“channel 2” hereafter) in order to proceedwith two experiments in par-
allel. The working section of each channel was 1.86 m wide and 9 m
long. Note that the experiment cannot be seen as the exact laboratory
analog of a river floodplain due to the use of a fixed channel geometry
which does not evolve following the laws of morphodynamics. At the
upstream end of each channel, a basin (1.86 m by 1 m) was used to
supply flow uniformly over the channel width. Two different flow
rates were used in the experiments: 3 l/s in channel 1 and 5 l/s in chan-
nel 2. The low and high flow conditions correspond to a dimensionless
shear stress τ∗ of twice and three times the critical Shield stress τc! re-
spectively (see Perona et al. (2012) for details). At the downstream
end, a stilling basin (also 1.86 by 1 m) equipped with a mesh was
used to collect and separate the different types of eroded material
(sediment and vegetation). Water surface elevation at the downstream
end was controlled using a weir, with negligible upstream influence
since we worked under conditions with Froude number Fr>1, see also
Perona et al. (2012). For the convergent geometry (those experiments
were run after completion of the parallel-channel experiments), the
width of the channel was gradually reduced following a logistic profile

w xð Þ ¼ w− þ δw
1þ exp λ x−x0ð Þ½ ' ð1Þ

withw−≈0.68 m the width at the downstream end of the channel and
δw≈1.00 m the difference between the width at the upstream and
downstream ends. Note that in the convergent experiment the total
channel width had to be reduced from 1.86 m to 1.68 m due to the
matching with the walls of the convergent part of the channel. The posi-
tion of the center of the converging region is given by the variable
x0≈4.75 m and finally its size is controlled by λ≈2.4 m−1. Similar to
the parallel experiments, a flow rate of 3 l/s in channel 1 and of 5 l/s in
channel 2 was used. The resulting profiles (parallel and convergent)
are represented in Fig. 2.

Statistical distribution of floodplain biomass
(before flood)

Biomass that can be uprooted
by a given flood

Biomass that survives and 
keeps growing (after flood)

Root length

pd
f

Fig. 1. Schematic representation of the relevant probability distribution functions (pdf)
of the root length obtained experimentally. The distribution for the biomass surviving
after a flood results from the distribution before the flood and the distribution of
uprooted biomass.

ch2 ch2 ch1ch1

1.86 m

0.68 m

4 
m

Fig. 2. Parallel and convergent channels corresponding to the two types of experiments
discussed in the paper.
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The role of soil topography
Pasquale et al., Hydrol. Proc., 2014

- Deposition of sediment has a protective effect only up to a certain amount of deposit;
- The mortality curve is asymmetric
- Surface roots contribute more to sediment stabilization, but when that layer is removed the plant is uprooted;
- Deeper roots contribute less to sediment stabilisation, but increase the return time of uprooting events



Wood logs survival and resprouting
Woodlogs may resprout and survive 
according to opportunity windows

Root length [m]

Drag [N]

Root 
resistance 
[N]

X

X

Bau et al, JGR 2019

If R=Fmax

Fmax∝ Root length

I. Roots too short compared to drag à uprooting
II. Roots grow and overcome drag à resist
III. Stem leaves grow, drag augment more than root 

resistance à uprooting
IV. Roots are well developed, drag not sufficient à survival



Woodlogs entrainment and transport

Source: Schalko et al. 2019

- Large wood is mobilized during large events;
- LW is deposited within secondary channels, on river bars and at bridge piers;
- LW have an effect on river morphodynamics and safety of structures



Ecomorphodynamics: explain nature processes



The morphodynamic tryade

[2005] on sheltering that plants exert as passive porous obstacles, Tal and Paola [2007] on the active role of
vegetation colonization in favoring transition from braided to single thread streams. Additionally, concep-
tual models have been used to analyze the dynamics of specific rivers (see Tooth and Nanson [2000] for the
Marshall River and Gurnell and Petts [2006] for the Tagliamento River) and neural models [Crouzy et al.,
2015] were used to obtain quantitative results.

Theoretical approaches based on linear stability analysis have been shown to predict instability toward
alternate or multiple bars on a movable riverbed [Callander, 1969; Engelund and Skovgaard, 1973; Parker,
1976; Colombini et al., 1987]. A common finding of these studies is that the key parameter in the formation
of alternate bars or multiple bars is the river’s aspect ratio (halfwidth-to-depth ratio). Figure 2 shows a typi-
cal result of such a stability analysis. Note the presence of a lower threshold for the aspect ratio separating
stability from instability.

However, due to the very complex nature of the dynamic interactions between riparian vegetation and
sediment transport and flow, vegetation evolution was never taken into account explicitly in a linear

Figure 1. Examples of river bed patterns emerging in different environments: (a) regular series of unvegetated alternate bars on the Rhine River (Haag, Switzerland); (b) braided river in
absence of vegetation (Waimakariri River, New Zealand); (c) moderately vegetated multiple bars (Awash River, Ethiopia); (d) anabranching patterns in the form of completely vegetated
multiple bars (Awash River, Ethiopia). Map data: Google, Digitalglobe. (e) Alternate bars (orange arrows) and islands (yellow arrow) in a small creek near Schwarzenburg, Switzerland
(Photo: P.Perona).

Figure 2. Neutral curve for alternate bar formation (instability toward alternate bars above the line, no instability below) in the ks versus b
space.
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Morpho-
dynamics Ecomorphod. / 

biomorphodynamics

Study of the planimetric, morphologic, ecologic evolution of riverine environment. 
Three key ingredients

Water/air

Sediment

Vegetation/biology



Timescale involved

Consider for the sake of simplicity just a 1D model

More importantly, the system is unstable toward periodic spatial patterns in the linear regime if the highest
growth rate MaxiðReðxiðks;mÞÞÞ occurs at finite streamwise wavenumber ks with all parameters fixed. In
this case, for fixed ks, perturbation growth rate as a function of bar order m determines whether the system
evolves toward alternate (m 5 1) or multiple bars (m> 1).

3. Results

3.1. 1-Dimensional Analysis
We start our analysis with the case of a relatively narrow river where we can safely use a 1-D model. The
unstable waves that can develop in such rivers are referred to as long waves (see also the analysis of
Lanzoni et al. [2006]). In principle, the 1-D equations can be obtained as a special case from equation (20) by
setting m 5 0. However, the conventions found in the literature differ when considering 1-D [Lanzoni et al.,
2006] or 2-D setups [Federici and Seminara, 2003] due to different choices of dimensionless quantities. In
order to be able to compare our results to the existing literature, we therefore need to rewrite the model in
the following one-dimensional form:
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~/ remain unchanged with respect to the 2-D model.

It is well known [Lanzoni et al., 2006] that in the linear regime of the morphodynamic equations no instability
can be detected at finite wavenumber. Instability at the linear regime can only be found for a fixed bed and
F0> 2 but then the selected wavenumber is ks 51 (roll waves) [see Lanzoni et al., 2006]. This means that the
system of equations (22)–(24) with ~/m alone can not produce instability toward periodic patterns at the lin-
ear level. Note that in the long term nonlinear effect could still trigger instabilities that lead to patterns.

We will now see what happens if we first combine vegetation dynamics with flow dynamics while assuming
fixed bed conditions (equations (22), (23) and (25), putting equal to zero the sediment parameter c). While
vegetation growing on a fixed bed may seem unrealistic it provides a useful insight into the fundamental
effects of flow-vegetation interaction.

In Figures 6a–6c, different vegetation coefficients are varied and plotted along with Froude number F0 at
fixed water depth (constant parameters are indicated in Table 2). It is clearly visible on all three figures that
the dynamic interaction between flow and vegetation causes instability toward periodic patterns in certain
regions of the parameter space. Furthermore, the domain proves to be simply connected, meaning that it
does not possess any holes. Note that in Figures 6a and 6b the domain extends down to the origin. Addi-
tionally, the pattern wavenumber increases with increasing Froude number, carrying capacity and growth
rate. Those findings remain valid if sediment dynamics is added to the equation system by allowing c> 0:
we can see in Figure 6d that c only becomes relevant at values greater than 10– 1. But, due to the fact that c
represents the ratio of the sediment timescale to the hydrodynamic timescale its actual value is generally
much lower (c # 102321024, see Parker [1976] for realistic estimates).

3.2. 2-Dimensional Analysis
Having seen in the previous section that our simple vegetation model indeed can lead to periodic patterns,
we now focus on the 2-D model which is more relevant for natural rivers. In view of readability, we will use
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[2005] on sheltering that plants exert as passive porous obstacles, Tal and Paola [2007] on the active role of
vegetation colonization in favoring transition from braided to single thread streams. Additionally, concep-
tual models have been used to analyze the dynamics of specific rivers (see Tooth and Nanson [2000] for the
Marshall River and Gurnell and Petts [2006] for the Tagliamento River) and neural models [Crouzy et al.,
2015] were used to obtain quantitative results.

Theoretical approaches based on linear stability analysis have been shown to predict instability toward
alternate or multiple bars on a movable riverbed [Callander, 1969; Engelund and Skovgaard, 1973; Parker,
1976; Colombini et al., 1987]. A common finding of these studies is that the key parameter in the formation
of alternate bars or multiple bars is the river’s aspect ratio (halfwidth-to-depth ratio). Figure 2 shows a typi-
cal result of such a stability analysis. Note the presence of a lower threshold for the aspect ratio separating
stability from instability.

However, due to the very complex nature of the dynamic interactions between riparian vegetation and
sediment transport and flow, vegetation evolution was never taken into account explicitly in a linear

Figure 1. Examples of river bed patterns emerging in different environments: (a) regular series of unvegetated alternate bars on the Rhine River (Haag, Switzerland); (b) braided river in
absence of vegetation (Waimakariri River, New Zealand); (c) moderately vegetated multiple bars (Awash River, Ethiopia); (d) anabranching patterns in the form of completely vegetated
multiple bars (Awash River, Ethiopia). Map data: Google, Digitalglobe. (e) Alternate bars (orange arrows) and islands (yellow arrow) in a small creek near Schwarzenburg, Switzerland
(Photo: P.Perona).

Figure 2. Neutral curve for alternate bar formation (instability toward alternate bars above the line, no instability below) in the ks versus b
space.
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tual models have been used to analyze the dynamics of specific rivers (see Tooth and Nanson [2000] for the
Marshall River and Gurnell and Petts [2006] for the Tagliamento River) and neural models [Crouzy et al.,
2015] were used to obtain quantitative results.

Theoretical approaches based on linear stability analysis have been shown to predict instability toward
alternate or multiple bars on a movable riverbed [Callander, 1969; Engelund and Skovgaard, 1973; Parker,
1976; Colombini et al., 1987]. A common finding of these studies is that the key parameter in the formation
of alternate bars or multiple bars is the river’s aspect ratio (halfwidth-to-depth ratio). Figure 2 shows a typi-
cal result of such a stability analysis. Note the presence of a lower threshold for the aspect ratio separating
stability from instability.

However, due to the very complex nature of the dynamic interactions between riparian vegetation and
sediment transport and flow, vegetation evolution was never taken into account explicitly in a linear

Figure 1. Examples of river bed patterns emerging in different environments: (a) regular series of unvegetated alternate bars on the Rhine River (Haag, Switzerland); (b) braided river in
absence of vegetation (Waimakariri River, New Zealand); (c) moderately vegetated multiple bars (Awash River, Ethiopia); (d) anabranching patterns in the form of completely vegetated
multiple bars (Awash River, Ethiopia). Map data: Google, Digitalglobe. (e) Alternate bars (orange arrows) and islands (yellow arrow) in a small creek near Schwarzenburg, Switzerland
(Photo: P.Perona).

Figure 2. Neutral curve for alternate bar formation (instability toward alternate bars above the line, no instability below) in the ks versus b
space.
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Perona et al., ESPL, 2014; Baerenbold et al., WRR, 2016
Bertagni et al., PNAS, 2018

- hydrodynamic, hydrologic, biologic;

• td hydraulic time scale (short)

• th hydrological time scale (medium)

• tb biological time scale (long)

th
tb

<< 1 no colonization (bare)
< 1 competition (patterns)
>= 1 no uprooting (all vegetated)

Noisetd/th; td/tb<<1



1. Vegetated fronts in convectively accelerated streams1652 P. PERONA ET AL.

Figure 1. Vegetation front downstream of the convergent reach of some exemplary rivers worldwide (a–f). The orange boundaries of the Taglia-
mento River show the type of geometry that has been reproduced at the flume scale (see text). Blue arrows indicate flow direction. While the Orange
River (f) presents no limit of vegetation growth within the convergent section, the Maggia River reach maintains the same vegetated front after 50
years of flow regulation compared to the pre-regulation epoch. This figure is available in colour online at wileyonlinelibrary.com/journal/espl

often to vanish within two consecutive sediment bars (e.g.
Figure 1a–e), whence the term of vegetation ‘front’ henceforth
adopted in this work. The presence of the front is, however,
not universal (Figure 1f).

An interesting conceptual model for island development,
growth and stabilization was proposed by Gurnell and Petts
(2006). Their model is based on long-term observations of
biomorphodynamic processes in the Tagliamento River, which
led to the ‘three trajectories’ conjecture for island forma-
tion (Gurnell et al., 2001). The existence of these trajectories
was later confirmed by further field observations (see Gur-
nell, 2014, for a review); Gurnell and Petts (2006) monitored
three reference sites of the Tagliamento River, and used the
stream power per unit wetted area (henceforth referred to as
‘unit stream power’) of the 10-year return period flood Q10 to
recover the zones susceptible to present island development.
Gurnell and Petts (2006) found that, for all sites, the devel-
opment of vegetated islands is more likely to occur within
zones with unit stream power less than 200 W m!2 with a tree
growth rate of approximatively 0.3 m per year.

The return period for floods, Q10, gives the average time
interval, th, between flow disturbances equal to or greater than
Q10 and can be used in the simple case of channels with par-
allel banks as a proxy for the hydrological timescale as defined
in Perona et al. (2012). However, while Q is a conserved quan-
tity, the return time of which is not influenced by local river
geometry, this is not generally true as far as the unit stream
power is concerned. Hence the hydrological timescale, th, has
to account for the local return time of an event with given unit
stream power able to significantly impact vegetation. Hydro-
geomorphic processes evolving with this timescale will then
interact with biological ones, to which we can associate a
timescale, Tb, for vegetation to become resilient to flow distur-
bances of certain magnitude. The outcome of the competition
determines which plants are going to resist, and in turn to
stabilize alluvial bedforms (Crouzy and Perona, 2012).

To our knowledge, the conjecture of Gurnell and Petts
(2006) has neither been interpreted in relation to flow uproot-
ing capacity and the associated timescales nor tested at the

laboratory scale, where variables can accurately be con-
trolled. Although a complete mechanical similarity between
the model and the river cannot be established, the ability to
reproduce observed ecomorphological patterns at the labora-
tory scale may help shed light on the relative importance of
certain variables amongst others (Tal and Paola, 2007, 2010;
Crouzy et al., 2013). For instance, Crouzy et al. (2013) studied
the increased uprooting capacity of a convectively accelerated
stream in relation to a non-accelerated one. By using the field
data of Pasquale et al. (2011), Crouzy et al. (2013) demon-
strated the similarity between the erosion processes occurring
at the laboratory and field scales.

This topic has recently been studied both experimentally
and numerically (see Camporeale et al., 2013, for example,
for a review); however, with this paper we present the first
analytical results derived from an ecomorphodynamic model
describing river and vegetation interactions. We concentrate
on the dynamics determining the position of the vegetated
front, and we extend the work by Gurnell and Petts (2006)
and by Crouzy et al. (2013) by testing the following hypothe-
ses on the ecomorphodynamics of converging river reaches: (i)
specific discharge is the flow strength parameter that explains
the longitudinal position of the front within the convergent
reach; (ii) the limit for riverbed vegetation establishment is
determined by the increasing uprooting capacity of the stream
within the convergent reach, and can be explained by a 1D
ecomorphodynamic modelling framework; (iii) as a predictor,
unit stream power foresees a spatial shift of the front con-
sequent to changing flow regime (Gurnell and Petts, 2006),
which reduces to hypothesis (i) when neglecting the kinetic
term of the stream.

In the next section we use the equations of river morpho-
dynamics (see Seminara, 2010, for example, for a review),
modified in order to account for the presence of vegetation,
and derive an analytical expression linking streamflow and the
characteristic river width where vegetation growth is still pos-
sible. We then present in the third section a series of flume
experiments performed by geometrically scaling the alluvial
riverbed of the River Tagliamento in the vicinity of Pinzano
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where !!c stands for critical Shields stress for the initiation of
sediment motion, and G D D50.

!s
!
! 1/ combines the median

sediment size D50 and density "s together with the density
of water ". The constant k D 8D50

p
Gg is a result of the

Meyer–Peter–Mueller relationship and allows recovery of the
sediment flux when integrating equation (4). As shown by
Pasquale et al. (2012), the fact that the root system can adjust
to river table oscillations leads to pronounced root volumes,
which can help stabilize the sediment. Hence we model the
role of vegetation roots in Equation (4) as an augmented crit-
ical Shields stress proportional to vegetation density through
the coefficient m by following the idea already advanced by
Paola (2001) and Pasquale et al. (2011).

Vegetation density #.s/ grows following a logistic law (Cam-
poreale and Ridolfi, 2006) with specific growth rate ˛g and
carrying capacity #m, whereas it dies at a rate proportional
(proportionality constant ˛d ) to the flow drag impacting it. This
amounts to considering the processes leading to uprooting as
the balance between dragging and anchoring forces (Edmaier
et al., 2011):

˛g#.#m ! #/ ! ˛dYU2# D 0 (5)

Equations(1)–(5) can be rewritten as
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where ˇ D ˛d=˛g . We introduced in the equations two
conserved quantities: the flow rate Q and the total bed-
load transport Qs. Note that Equation (8) makes use of the
riverbed conductivity %b as bedload transport is given from
the exceeding wall shear stress that is exerted on the portion
of riverbed without vegetation (i.e. bare sediment). Together
with boundary (in space) conditions these equations describe
a steady-state 1D ecomorphodynamic problem.

From Equation (9), we obtain an expression for the velocity
U as a function of the local vegetation density:

U2 D #m ! #
ˇY

(10)

valid for #.s/ > 0. Similarly, we obtain the water depth from
flow continuity:

Y D Q2ˇ

.#m ! #/b2
(11)

Both expressions can be combined and then inserted into
Equation (8). After some algebra and the introduction of the
non-dimensional sediment bedload rate per unit river width
qs D Qs=.kb/, we obtain

.#m ! #/7=3b8=3

ˇ7=3Q8=3Gc2
! .!!c Cm#/ D q2=3

s (12)

Equation (12) is an implicit algebraic equation for #.s/, cou-
pled to the momentum equation (6) by the fact that the critical
Shields stress !!c is in principle a function of the longitudinal
equilibrium slope i.s/.

Interestingly, under the assumption of constant !!c for mod-
erate changes of the riverbed slope (see Lamb et al., 2008,
and Recking, 2009, concerning the effects of slope), one

can numerically obtain the equilibrium vegetation density
from Equation (12). The result can then be inserted into
Equations (10) and (11) and finally back into Equation (6) in
order to obtain the equilibrium slope of the vegetated reach:
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Note that the derivative terms have to be computed numer-
ically. Bed elevation can then be numerically computed as
z.s/ D !

R s
s0

i.s0/ds0 C z.0/ with appropriate boundary con-
dition. The solution for the vegetated reach has finally to be
matched with the solution of bed elevation without vegetation,
which requires resolving the classic morphodynamic problem
(Equations (6)–(8)) under the condition # D 0.

Also of interest is the analysis of the river width where the
vegetated front is expected bf D b.sf /, which can be obtained
from Equation (12). By using the solidity to determine where
vegetation is considered so sparse that it no longer has any
influence on the fluid dynamics, i.e. As ! 0 when # ! 0,
then Equation (12) yields
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is controlled by the
exponent 3=8, the front position is expected to move accord-
ing to the value of the involved parameters. For instance, the
front moves backward (forward) towards larger (smaller) val-
ues as the parameter ˇ (#m) increases, and vice versa. The
role of the riverbed roughness, c, should be discussed in rela-
tion to expected changes of the specific sediment flux (flux
per unit river width), qs, given its dependence on sediment
grain size. However, by supposing qs independent of c, then a
lower riverbed roughness (larger c) results in a backward shift
of the front towards larger values, related to the associated
increase of mean flow velocity. Further, note that neglecting
both the flow rate and the spatial dependence of &.s, Q/ leads
to the same result as neglecting the kinetic term, U2=2g, when

comparing the unit stream powers, g" Q1,2
bf 1,2Y1,2

!
Y1,2 C

U2
1,2
2g

$
:

Q1

bf1
D Q2

bf2
(16)

The results of this section will be commented on fur-
ther in the following sections in relation to dedicated
flume experiments.

Flume Experiment Description

In order to test the modelling framework at the field scale, one
would need the evidence of river reaches experiencing a veg-
etation front shift caused by a modified hydrological regime.
Moreover, while the position of the front can be detected
visually (e.g. see Figure 1), parameter calibration requires
specific data, which are often difficult to find in the litera-
ture. In this sense, flume experiments allow to study river
ecomorphodynamic processes under well-controlled condi-
tions. Accordingly, in the following we will discuss the results
from an explorative flume experiment, which was specifically
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of water ". The constant k D 8D50

p
Gg is a result of the

Meyer–Peter–Mueller relationship and allows recovery of the
sediment flux when integrating equation (4). As shown by
Pasquale et al. (2012), the fact that the root system can adjust
to river table oscillations leads to pronounced root volumes,
which can help stabilize the sediment. Hence we model the
role of vegetation roots in Equation (4) as an augmented crit-
ical Shields stress proportional to vegetation density through
the coefficient m by following the idea already advanced by
Paola (2001) and Pasquale et al. (2011).

Vegetation density #.s/ grows following a logistic law (Cam-
poreale and Ridolfi, 2006) with specific growth rate ˛g and
carrying capacity #m, whereas it dies at a rate proportional
(proportionality constant ˛d ) to the flow drag impacting it. This
amounts to considering the processes leading to uprooting as
the balance between dragging and anchoring forces (Edmaier
et al., 2011):

˛g#.#m ! #/ ! ˛dYU2# D 0 (5)

Equations(1)–(5) can be rewritten as

1
g$

@

@s
.U2$/C @Y

@s
D i ! Q2

$2%2R
(6)

UbY D Q (7)
!

U2

%2
bG
!
"
!!c Cm#

#$3=2

D Qs

kb
(8)

#.#m ! #/ ! ˇYU2# D 0 (9)

where ˇ D ˛d=˛g . We introduced in the equations two
conserved quantities: the flow rate Q and the total bed-
load transport Qs. Note that Equation (8) makes use of the
riverbed conductivity %b as bedload transport is given from
the exceeding wall shear stress that is exerted on the portion
of riverbed without vegetation (i.e. bare sediment). Together
with boundary (in space) conditions these equations describe
a steady-state 1D ecomorphodynamic problem.

From Equation (9), we obtain an expression for the velocity
U as a function of the local vegetation density:

U2 D #m ! #
ˇY

(10)

valid for #.s/ > 0. Similarly, we obtain the water depth from
flow continuity:

Y D Q2ˇ

.#m ! #/b2
(11)

Both expressions can be combined and then inserted into
Equation (8). After some algebra and the introduction of the
non-dimensional sediment bedload rate per unit river width
qs D Qs=.kb/, we obtain

.#m ! #/7=3b8=3

ˇ7=3Q8=3Gc2
! .!!c Cm#/ D q2=3

s (12)

Equation (12) is an implicit algebraic equation for #.s/, cou-
pled to the momentum equation (6) by the fact that the critical
Shields stress !!c is in principle a function of the longitudinal
equilibrium slope i.s/.

Interestingly, under the assumption of constant !!c for mod-
erate changes of the riverbed slope (see Lamb et al., 2008,
and Recking, 2009, concerning the effects of slope), one

can numerically obtain the equilibrium vegetation density
from Equation (12). The result can then be inserted into
Equations (10) and (11) and finally back into Equation (6) in
order to obtain the equilibrium slope of the vegetated reach:

i.#.s// D 1
g$.#/

@

@s
.U2.#/$.#//C @Y .#/

@s
C U2.#/

%2.#/Y .#/
(13)

Note that the derivative terms have to be computed numer-
ically. Bed elevation can then be numerically computed as
z.s/ D !

R s
s0

i.s0/ds0 C z.0/ with appropriate boundary con-
dition. The solution for the vegetated reach has finally to be
matched with the solution of bed elevation without vegetation,
which requires resolving the classic morphodynamic problem
(Equations (6)–(8)) under the condition # D 0.

Also of interest is the analysis of the river width where the
vegetated front is expected bf D b.sf /, which can be obtained
from Equation (12). By using the solidity to determine where
vegetation is considered so sparse that it no longer has any
influence on the fluid dynamics, i.e. As ! 0 when # ! 0,
then Equation (12) yields

bf D
c3=4G3=8ˇ7=8

#7=8
m

"
!!c C q2=3

s

#3=8

jsDsf
Q (14)

or
bf D &.sf , Q/Q (15)

having posed &.sf , Q/ D c3=4G3=8ˇ7=8

"
7=8
m

"
!!c C q2=3

s

#3=8
jsDsf

. While

the variability of the term
"
!!c C q2=3

s

#3=8
jsDsf

is controlled by the
exponent 3=8, the front position is expected to move accord-
ing to the value of the involved parameters. For instance, the
front moves backward (forward) towards larger (smaller) val-
ues as the parameter ˇ (#m) increases, and vice versa. The
role of the riverbed roughness, c, should be discussed in rela-
tion to expected changes of the specific sediment flux (flux
per unit river width), qs, given its dependence on sediment
grain size. However, by supposing qs independent of c, then a
lower riverbed roughness (larger c) results in a backward shift
of the front towards larger values, related to the associated
increase of mean flow velocity. Further, note that neglecting
both the flow rate and the spatial dependence of &.s, Q/ leads
to the same result as neglecting the kinetic term, U2=2g, when

comparing the unit stream powers, g" Q1,2
bf 1,2Y1,2

!
Y1,2 C

U2
1,2
2g

$
:

Q1

bf1
D Q2

bf2
(16)

The results of this section will be commented on fur-
ther in the following sections in relation to dedicated
flume experiments.

Flume Experiment Description

In order to test the modelling framework at the field scale, one
would need the evidence of river reaches experiencing a veg-
etation front shift caused by a modified hydrological regime.
Moreover, while the position of the front can be detected
visually (e.g. see Figure 1), parameter calibration requires
specific data, which are often difficult to find in the litera-
ture. In this sense, flume experiments allow to study river
ecomorphodynamic processes under well-controlled condi-
tions. Accordingly, in the following we will discuss the results
from an explorative flume experiment, which was specifically
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Figure 1. (a) Porcupine River (Alaska). (b) Everglades (Florida). (c) Parabolic costal foredunes (California). (d,e) Two rivers
with similar hydrogeomorphological parameters and different conditions for the alternate bars, flow from left to right. (d)
Vegetated bars on Isère river near Arbin, France (Q̄⇤=120 m3/s, d⇤

s = 2 cm, S=2‰, B⇤=60 m). (e) Almost bare bars on
Alpine Rhine, near Meierhof, Liechtentstein (Q̄⇤=150 m3/s, d⇤

s =2 cm, S=2‰, B⇤=55 m). Sparse vegetation is spotted on
the left bar.

dimensional quantities), can assume two completely different states, for example, fully vegetated or bare bars (see Fig. 1d,e)?
The physically-speaking answer is that they are on two different attractors of the phase space describing the dynamical system,
where critical transitions from one state to the other one are possible. We present an analytical theory accounting for the
above-mentioned triad interaction step by step, in order to assess the vegetated-unvegetated transition in morphologically active
rivers. Other remarkable examples of transitions - not considered here - are narrowing-widening and braiding-meandering19.

Results
The main result of the present theory - equation (13) - is obtained by proceeding with a three-steps a approach, which addresses
the ecomorphological triade in a whole mathematical framework.

Flow variability
Let us firstly account for flow variability, whose modelling using a minimalist approach is a challenging task in river
science, because of the non trivial features of the discharge time series Q(t) (long-term correlation, intermittent behaviour).
The Compound Poisson Process (CPP) provides a parsimonious but robust strategy by addressing a stochastic equation,
∂tQ=F (t)�Q/t , where t is time, t is the integral temporal scale (namely the area of the autocorrelation function), F is a
shot noise with mean intervals between two pulses equal to tc2

v and mean value µc2
v , whereas µ and cv are the mean and the

coefficient of variation of the discharge, respectively. A sample realization of CPP is reported in Fig. 2. At the steady state, the
solution of the pdf of the CPP is Gamma-distributed (right graph in Fig. 2) and the crossing times T±

x , i.e. the average time Q
stays below or above a certain threshold x , are known in closed form20

T�
x = tcvF1[1,1+l ,x l/µ], (1)

T+
x = T�

x P+
x /P�

x , (2)

where F1 is the confluent Kummer hypergeometric function, l=c�2
v and P±

x are the probabilities of being below or above x .

Morphodynamics
The second element of the triad interaction – sediment transport – is a threshold process that activates when the flow rate
overcomes a lower critical value, and becomes morphologically effective when an upper statistically rare flow rate Q f is
overcome (Fig. 2). This latter flow, the so-called formative discharge in the geomorphological literature, resets the riverbed by
erasing any previous pattern and uprooting all vegetation. The bare flat state so created is the initial condition of our analysis.
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Fig. 1. Examples of vegetation spreading in systems forced by time dependent disturbances. (a) Porcupine River (Alaska). (b) Everglades wetlands (Florida). (c) Parabolic
coastal foredunes (California). (d,e) Two straight rivers with alternate bars and very similar hydrogeomorphological conditions, flow from left to right. (d) Vegetated bars on Isère
river near Arbin, France. (e) Bare bars on Alpine Rhine, near Meierhof, Liechtentstein.

systems, having nearly the same hydrogeomorphologic featu-
res (sediment size d, slope S and mean annual discharge Q̄),
can assume two completely di�erent states, for example, fully
vegetated or bare bars (see Fig. 1d,e)? Physically-speaking,
the answer is that the phase space describing the dynamical
system shows two di�erent equilibrium points in the basin of
attraction, thus making parametric transitions from one state
to the other one possible. We present an analytical theory
thereof accounting for the above-mentioned triad interaction
and describing the vegetated-unvegetated transition in mor-
phologically active rivers. Implications range from unravelling
some of the mechanisms at the base of the Devonian plant
hypothesis to understanding the role of environmental and
anthropogenic disturbances in water-driven patterns under
changing scenarios.

The main result of our theory states that vegetation encro-
achment on bare sediment subjected to occasional inundation
is a secondary instability problem whose asymptotic behaviour
-Eq. (6)- determines whether and how vegetation patterns
develop. Thus, the spreading of plants is possible only if their
biomechanical characteristics (e.g., grow rate and rooting e�-
ciency) can cope with the removal action by stochastic floods
in that particular sedimentary environment. The links among
hydrology, biomechanics and morphodynamics thus concur
to determine the sign of the parameter – in Eq. (6), control-
ling the transition from one to another state. We obtained
this result by mathematically framing the processes of the
ecomorphological triad as follows.

Flow variability. Let us first account for flow variability, whose
modelling using a minimalist approach is a challenging task
in river science, because of the non-trivial features of the
discharge time series Q(t) (e.g.,long-term correlation, intermit-
tent behaviour, etc.). The Compound Poisson Process (CPP)
provides a parsimonious and robust strategy by addressing
the stochastic equation ˆtQ=F(t)≠Q/· . In which: t is time;
· is the integral temporal scale (namely the area of the au-
tocorrelation function of Q(t)); F is a shot noise with mean
intervals between two pulses equal to ·c2

v and mean value Q̄c2
v;

Q
max

Q
min

Q

t

Q
f

t

0 p(Q)

Q

Q
f

T

0

T
 Qf

Q
(m3/s)

2011 2012 2013 2014 2015

100

500

300

0.005p(Q)

Isére
Alpine Rhine

(a)

(b)

Fig. 2. Compound Poisson Process CPP. (a) Simulated CPP for the river water
discharge Q and its probability density function pQ (light blue lines). The inset shows
the periodic signal used for the Floquet theory (red lines). (b) Water discharge series
for the Isère and the Alpine Rhine (last four years reported). Notice the different shape
of the PDF, with the sharper Gamma distribution for the Isère.

whereas Q̄ and cv are the mean and the coe�cient of variation
of the discharge, respectively. A sample realization of CPP is
reported in Fig. 2a (blue line). At the steady state, the pdf of
the CPP is Gamma-distributed (right graph in Fig. 2a) and
the upcrossing time T +

› , i.e. the average time Q stays above a
certain threshold ›, is known in closed form (22)

T +
› = ·e›/Q̄c2

v E

5
1 ≠ 1

c2
v

,
›

Q̄c2
v

6
, [1]

where E[a, z] is the exponential integral function (23). Eq. (1)
will be used later on in the triad interaction.
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order of days, and vegetation growth, order of years, consent
to treat the processes mathematically separated.

In this description, vegetation develops as a secondary insta-
bility (31), since it grows over finite-amplitude bed topography.
This is di�erent from (15), where mature vegetation was consi-
dered already present in the riverbed at the primary instability
stage. By englobing also flow variability, a secondary instabi-
lity is therefore performed by linearising Eq. (4) around a new
basic state (labelled with tilde), namely

(Ũ , Ṽ , D̃, ÷̃)=(U0(t), 0, D0(t), ÷0)+Asû1(k)f1(n)eiks, [5]

where the subscript zero refers to the uniform solution, which
is dependent on time through the CPP, while the second
r.h.s. term is the solution of the primary stability analysis
(see Methods). In order to make the computation analytically
accessible, we substitute the discharge stochastic time series
discharge with a statistically equivalent periodic one, consti-
tuted by a repetition of the typical mean hydrograph. The
latter is obtained by the following compatibility conditions
(see red curve in Fig. 2): i) the duration of the event equals
the average interval between subsequent shots, T =·c2

v; ii) the
discharge mean value between formative events is preserved;
iii) the peak value is such that the coe�cient of variation cv

of the stochastic series is preserved. In this manner, the time
dependency in Eq. (4) becomes periodic and Floquet theorem
can be applied. Thus, linearising Eq. (4) around (5), the
solution for the vegetation is Â ≥ 0 + P (t)e–(s,n)t, where P (t)
is a periodic function and –(s, n)œR is the so-called Floquet’s
exponent, which reads

– = 1
T

⁄ T

0
(‹gK̃≠‹d◊[D̃] D̃|Ũ|2) dt, [6]

where K̃=K[D̃]. We remind that – is spatially distributed and
its sign provides the asymptotic behaviour of the secondary
instability: wherever – > 0 vegetational patterns develop.
Although the above theory has been described for river systems,
it is quite general, and the same steps could be repeated for
other ecogeomorphologic systems driven by unsteady flows.

Results and discussion

Parametric transitions driven by flow variability. Once the
triad interaction is set up (i.e., hydrodynamics, sediment and
vegetation parameters are provided), the present mathemati-
cal framework can evaluate the surface area of alternate bars
where plants endure flow variability (–>0) between two for-
mative events resetting the morphology. A graphical example
of finite amplitude computation and pattern formation is given
in Fig. 4a. Let us define the areal vegetation index, AVI, as the
ratio of the vegetated area over the emerged area at the mini-
mum discharge, Qmin, i.e., the region theoretically colonisable
by vegetation. Fig. 4b shows the dependence of AVI on the
flow variability cv, for two typical exemplificative cases: a sand
bed river (orange line) and a gravel bed one (light blue line).
These two rivers share the same mean discharge Q̄, formative
event 13Q̄, and channel width, but they di�erentiate for the se-
diment and the Froude number F (a proxy of slope variation).
This, in turn, a�ects the CPP correlation · through Eq. (3).
The two cases exhibit analogies and di�erences. In fact, both
rivers show that higher flow variability (increasing cv and
thus Qmax) reduces the bar portion colonized by vegetation.
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Fig. 4. Parametric transition driven by flow variability (all graphs obtained for
{Q̄[m3/s], Qf , 2B[m]}={45, 13Q̄, 80). (a) Density plot of –(s, n) and ÷(s, n)
for a finite amplitude topography of a sand bed river {F, d[mm]}={0.9, 5}). The
maximum (Qmax) and minimum (Qmin) water levels are marked by coloured solid
lines. (b) Areal Vegetation Index versus cv for the sand bed river (orange line) and a
gravel bed river (light blue line, {F, d[mm]}={1.2, 20}). In evidence, the threshold
cú

v discriminating between vegetated and bare state. (c) Transition variation coefficient
cú

v discriminating the bare (light brown) and vegetated state (green) as a function of
the dimensionless vegetational parameters (same dataset of the sand river of panel
b). As the root system strengthens, plants endure more easily flow variations (cú

v

increases). Dashed line is the prediction of Eq. (7). (d) The behavior of cú
v in the

parameter space. The triangles refer to the river of panel b. Grey and dashed areas
correspond to no bar formation and no bedload, respectively.

In particular, there is a threshold value of flow variability,
henceforth referred to as cú

v, above which plant growth is com-
pletely inhibited (namely AVI decays to zero). In fact, in such
conditions vegetation does not have su�cient time to develop
since it is frequently removed by the flow. This cú

v threshold
corresponds to a parametric transition from vegetated to bare
states. Concerning the di�erences, the longer saturation time
of the sand bed river (10 hours) with respect to the gravel
bed river (2 hours), corresponds (via Eq. (3)) to a discharge
times series more correlated in the former case. This leads
to longer submergence periods in the sand river and to plant
uprooting for a fatigue stress. In the gravel river, the periods
of bar submergence are instead shorter, but the more frequent
events are equally able to remove mature vegetation. Another
di�erence regards the two values of cú

v, due to distinct slopes
and bar heights. Under the same discharge conditions, the
gravel bed river in fact exhibits higher bars and shallower
water depths and requires the maximum discharge Qmax (or
flow variability) to be higher in order to flood the bar top and
remove all the vegetation.

The value of cú
v is a key quantity, which results from an

equilibrium between plant growth and decay. It corresponds
to the the flow variability that nullifies the integral (6) at the
most favoured site, that is the bar top. On this basis, the
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order of days, and vegetation growth, order of years, consent
to treat the processes mathematically separated.

In this description, vegetation develops as a secondary insta-
bility (31), since it grows over finite-amplitude bed topography.
This is di�erent from (15), where mature vegetation was consi-
dered already present in the riverbed at the primary instability
stage. By englobing also flow variability, a secondary instabi-
lity is therefore performed by linearising Eq. (4) around a new
basic state (labelled with tilde), namely

(Ũ , Ṽ , D̃, ÷̃)=(U0(t), 0, D0(t), ÷0)+Asû1(k)f1(n)eiks, [5]

where the subscript zero refers to the uniform solution, which
is dependent on time through the CPP, while the second
r.h.s. term is the solution of the primary stability analysis
(see Methods). In order to make the computation analytically
accessible, we substitute the discharge stochastic time series
discharge with a statistically equivalent periodic one, consti-
tuted by a repetition of the typical mean hydrograph. The
latter is obtained by the following compatibility conditions
(see red curve in Fig. 2): i) the duration of the event equals
the average interval between subsequent shots, T =·c2

v; ii) the
discharge mean value between formative events is preserved;
iii) the peak value is such that the coe�cient of variation cv

of the stochastic series is preserved. In this manner, the time
dependency in Eq. (4) becomes periodic and Floquet theorem
can be applied. Thus, linearising Eq. (4) around (5), the
solution for the vegetation is Â ≥ 0 + P (t)e–(s,n)t, where P (t)
is a periodic function and –(s, n)œR is the so-called Floquet’s
exponent, which reads

– = 1
T

⁄ T

0
(‹gK̃≠‹d◊[D̃] D̃|Ũ|2) dt, [6]

where K̃=K[D̃]. We remind that – is spatially distributed and
its sign provides the asymptotic behaviour of the secondary
instability: wherever – > 0 vegetational patterns develop.
Although the above theory has been described for river systems,
it is quite general, and the same steps could be repeated for
other ecogeomorphologic systems driven by unsteady flows.

Results and discussion

Parametric transitions driven by flow variability. Once the
triad interaction is set up (i.e., hydrodynamics, sediment and
vegetation parameters are provided), the present mathemati-
cal framework can evaluate the surface area of alternate bars
where plants endure flow variability (–>0) between two for-
mative events resetting the morphology. A graphical example
of finite amplitude computation and pattern formation is given
in Fig. 4a. Let us define the areal vegetation index, AVI, as the
ratio of the vegetated area over the emerged area at the mini-
mum discharge, Qmin, i.e., the region theoretically colonisable
by vegetation. Fig. 4b shows the dependence of AVI on the
flow variability cv, for two typical exemplificative cases: a sand
bed river (orange line) and a gravel bed one (light blue line).
These two rivers share the same mean discharge Q̄, formative
event 13Q̄, and channel width, but they di�erentiate for the se-
diment and the Froude number F (a proxy of slope variation).
This, in turn, a�ects the CPP correlation · through Eq. (3).
The two cases exhibit analogies and di�erences. In fact, both
rivers show that higher flow variability (increasing cv and
thus Qmax) reduces the bar portion colonized by vegetation.

η(m)
0

-0.6

1

0

α

Q
max

Q
min-1

n

s s+#/k s+2#/k

(a)1 0.6

(b) (c)0.6

0.3

AVI

1

c
v

3

*

c
v

0
103 104 105

2

2.5

c
v

ν
d 
/ ν

g

root strenghtening

Eq.(14)

3

1.5

*

1.5

1

0.5

F

0.001 0.01 0.05d(m)

0

1

2

53 4

▼

▼

0.005

(d)

sand

gravel

Fig. 4. Parametric transition driven by flow variability (all graphs obtained for
{Q̄[m3/s], Qf , 2B[m]}={45, 13Q̄, 80). (a) Density plot of –(s, n) and ÷(s, n)
for a finite amplitude topography of a sand bed river {F, d[mm]}={0.9, 5}). The
maximum (Qmax) and minimum (Qmin) water levels are marked by coloured solid
lines. (b) Areal Vegetation Index versus cv for the sand bed river (orange line) and a
gravel bed river (light blue line, {F, d[mm]}={1.2, 20}). In evidence, the threshold
cú

v discriminating between vegetated and bare state. (c) Transition variation coefficient
cú

v discriminating the bare (light brown) and vegetated state (green) as a function of
the dimensionless vegetational parameters (same dataset of the sand river of panel
b). As the root system strengthens, plants endure more easily flow variations (cú

v

increases). Dashed line is the prediction of Eq. (7). (d) The behavior of cú
v in the

parameter space. The triangles refer to the river of panel b. Grey and dashed areas
correspond to no bar formation and no bedload, respectively.

In particular, there is a threshold value of flow variability,
henceforth referred to as cú

v, above which plant growth is com-
pletely inhibited (namely AVI decays to zero). In fact, in such
conditions vegetation does not have su�cient time to develop
since it is frequently removed by the flow. This cú

v threshold
corresponds to a parametric transition from vegetated to bare
states. Concerning the di�erences, the longer saturation time
of the sand bed river (10 hours) with respect to the gravel
bed river (2 hours), corresponds (via Eq. (3)) to a discharge
times series more correlated in the former case. This leads
to longer submergence periods in the sand river and to plant
uprooting for a fatigue stress. In the gravel river, the periods
of bar submergence are instead shorter, but the more frequent
events are equally able to remove mature vegetation. Another
di�erence regards the two values of cú

v, due to distinct slopes
and bar heights. Under the same discharge conditions, the
gravel bed river in fact exhibits higher bars and shallower
water depths and requires the maximum discharge Qmax (or
flow variability) to be higher in order to flood the bar top and
remove all the vegetation.

The value of cú
v is a key quantity, which results from an

equilibrium between plant growth and decay. It corresponds
to the the flow variability that nullifies the integral (6) at the
most favoured site, that is the bar top. On this basis, the
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exact way to compute cú
v, which is a cumbersome formulation,

is provided in Sec. S5. However, due to the fast uprooting
mechanism, a simplified manner is also possible, just posing
to zero the water depth at the bar top when the flow rate is
maximum (Qmax). In this way, cú

v is more easily given as the
solution of the following equation

D0(cú
v, Qmax) + As[D̂1(k) + D̂1(≠k)] ≥ 0. [7]

where D̂1 is the linear perturbation of water depth on the
bar top. Figure 4c shows that the above approximation is
asymptotically exact fo very fast uprooting (i.e., ‹d/‹g ∫ 1,
typical values are of order 104). With the aid of Eq. (7),
the behavior of cú

v can be exploited in the parameter space
(Fig. 4d). In the region where bedload transport and alternate
bars are allowed, cú

v generally increases when moving from
subcritical sand bed rivers (F < 1, d < 2 mm) to supercritical
gravel bed (F > 1, d > 2 mm). This mechanisms allows
vegetation spread in mountain rivers with high flow variability.
Furthermore, for gravel rivers, it may be noticed that the
same cú

v is given for two di�erent values of F . In fact, when
Q̄ is fixed, an increase in the Froude number, equivalent to a
slope variation, leads to lower bars and shallower depths, thus
preserving the same threshold variation coe�cient.

Test cases. The computation of AVI is here shown for five
real fluvial cases that were previously subjected to widespread
interest by the scientific community (a summary of river fea-
tures and validation results is provided in Tab. 1). The Isère
(France) and the Alpine Rhine (border Austria-Switzerland)
share almost identical hydrodynamic and sediment parame-
ters (Fig.1 d,e), but the the flood events of the latter are
much stronger and flow variability is higher (32, 33). This
implies slightly lower bars in the Alpine Rhine, with frequent
inundation and the consequent inhibition of plant growth. In
contrast, the slightly more regular discharges of the Isère fa-
vours vegetation development. Another test case regards the
Vedder canal in Canada (34). Upstream the canal, the river
is braided with multiple vegetated bars, instead in the canal
the bed is narrower with well-developed alternate bars that
are easily submerged by ordinary flows. Thus no vegetation
develops in the canal (see Fig. S5). Finally, the Arc river
(France) has undergone a width reduction due the construction
of a highway in the nineties (35). This triggered a parametric
transition between a fully vegetated condition to a weakly
vegetated bed (see Fig. S4), where plants are periodically
uprooted by annual flood events.

As also reported in Fig. 5, the present theory quantitatively
captures the underlying physics providing a good matching

between theoretical predictions and measurements. Partial
exception being the actual vegetation cover of the Arc river,
for which the reality is incompletely captured. This might be
due to: i) the very strong anthropic influences upstream the
study area (dams and sediment mining); ii) the Arc river has
not reached the ecomorphological equilibrium yet and thus we
might expect bars to slowly vegetate in the future.

These encouraging results may be useful to depict natural
and anthropogenic changes in biogeomorphological styles from
the paleozoic to the modern era. For example, the model is
able to capture the underlying physics for the river environ-
ments tested here, and provide insights about the physical
conditions that must subsist in order to allow for the coloni-
zation and the spreading of plants. Thus, recent hypothesis
suggesting how plant root evolution might have contributed
to the spreading of vascular plants (2) finds evidence in this
theory. In fact, more robust root systems lead to a decrease in
the uprooting coe�cient ‹d and to a transition to vegetated
states, Fig. 4c. This supports the idea behind the Devonian
plant hypothesis, although further implications concerning how
established plants have in turn a�ected landscape evolution
is not contained in the present theory. This requires introdu-
cing the feedback of vegetation cover on morphodynamics and
would explains why our river bar model underestimates the
vegetated bar length (Tab. 1) with respect to the linear theory.
Similarly, other processes not accounted for in this analytical
theory concern sediment mining, alteration of sediment supply
because of hydropower regulation, di�erent root morphologies
and conditions for seed dispersal.

Conclusions

We presented a pioneering methodology to couple three main
processes controlling ecomorphodynamic pattern formation in
a unique analytical model. The role of flow stochasticity has
been considered among the key triad elements of the general
morphodynamic problem for the first time. The work proves
that the linear statistical properties of the discharge time series
(pdf and autocorrelation) are already su�cient to capture the
main features of the ecomorphodynamic problem at the order
of complexity studied here. Hence, this theory paves the
ways for either further theoretical advances in the field of
ecomorphodynamics or to refine the hypotheses made at this
stage. Our approach can handily be adapted to generally
speculate about pattern formation in environments involving
flow unsteadiness, sediment transport and vegetation dynamics
as key triad processes. This serves also to practitioners such
river scientists and water managers, for instance, to predict
the e�ect of changing flow-regime scenarios, or to better plan
restoration works (36).

Methods

Dimensionless shallow water equations for straight rivers (— ∫
F ), under the quasi steady approximation (“ π 1), are

U · ÒU ≠ 1
F 2 Ò(D + ÷) ≠ —C

U|U|
D

= 0, [8]

Ò · (UD) = 0, [9]
ˆ÷
ˆt

= “Ò · qs, [10]

U · n̂ = qs · n̂ = 0, (n = ±1) [11]
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3. Effect of river regulation
Q

 [m
3 /

s]
Molnar et al., 2008; Perona et al., WRR, 2009



Master-Slave Successional Model (MSSM)

Simulation of the real post-dam period (1962-2006)LONG TERMS
(Aging)

MEDIUM TERMS
(Re-growing)

SHORT TERMS
(Damaging)

CS 

CF 

CG 

Colonization of the stage i  (Ci ) = Ci (Ai-1, ki )  

MG 

MF 

MS 

Flood Mortality of stage i ( Mi ) = Mi (Q, Ai , …, AWS ) 

Perona et al., WRR 2009; 
Perona et al., Aq. Sci. 
2009

Poisson 
process



Artificial disturbance (1 per year, 1962-2006): + 9% Asw

Perona et al.,Aq. Sci., 2009

We tested our “Maggia” 
stochastic model
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